The singular point of the Gauss map of a hypersurface in Euclidean space is the parabolic point where the Gauss-Kronecker curvature vanishes. It is well-known that the contact of a hypersurface with the tangent hyperplane at a parabolic point is degenerate. The parabolic point has been investigated in the previous research by applying the theory of Lagrangian or Legendrian singularities. In this paper we give a new interpretation of the singularity of the Gauss map from the view point of the theory of wave front propagations.
Introduction
The singular point of the Gauss map of a hypersurface in Euclidean space is the parabolic point of the hypersurface where the Gauss-Kronecker curvature vanishes [1, 12] . There have been many researches on singularities of Gauss maps [2, 3, 17, 19] . The pedal of the hypersurface (cf. [6, 12] ) is the wavefront set whose singular points are the same as the parabolic points of the hypersurface. Actually, we can show that the pedal is defined in S n−1 × R. We call it a cylindrical pedal (or, dual hypersurface) of the hypersurface [5, 12, 20] . By definition, the Gauss map is the S n−1 -component of the cylindrical pedal. In this paper we consider the Rcomponent of the cylindrical pedal which defines a function on the hypersurface. We call it a pedal height function on the hypersurface. The pedal height function is traditionally called the support function of the hypersurface with respect to the origin. We investigate, in this paper, geometric meanings of the singularities of the pedal height function. A pedal foliation is the foliation defined by the level set of the pedal height function.
On the other hand, we investigated relationships between caustics and wave front propagations as an application of the theory of graphlike Legendrian unfoldings in [11, 14] . The image of the pedal foliation by the Gauss map is considered to be a wave front propagation of a certain graphlike Legendrian unfolding (cf. §5). By applying the results in [11, 14] , we obtain a new interpretation of the singularity of the Gauss map from the view point of the theory of wave front propagations (cf. §6). In §4, we briefly review the essential part of the theories of Lagrangian singularities and graphlike Legendrian unfoldings which we use in this paper. Especially, we give a correct proof of Proposition 4.1 in [14] , which is one of the key propositions in the theory of graphlike Legendrian unfoldings (Proposition 4.3). In §6 we focus on the case for surfaces in R
3
. We give a classification of the surface with the constant pedal height function (i.e., the most degenerate case). Moreover, we give extra new conditions which characterize cusps of Gauss maps (cf. [2] ).
We shall assume throughout the whole paper that all maps and manifolds are C ∞ unless the contrary is explicitly stated.
Hypersurfaces in Euclidean space
In this section we review the classical theory of differential geometry on hypersurfaces in Euclidean space and introduce some singular mappings associated to geometric properties of hypersurfaces.
Let X : U → R n be an embedding, where
is an open subset. We denote that M = X(U ) and identify M and U through the embedding X. The tangent space of M at p = X(u) is
For any a 1 , a 2 , . . . , a n−1 ∈ R n , we define a 1 × a 2 × · · · × a n−1 = e 1 e 2 · · · e n a . It follows that we can define the unit normal vector field
Under this identification, the derivative of the Gauss map dG(u) can be interpreted as a linear transformation on the tangent space T p M at p = X(u). We call the linear transformation
We denote the eigenvalues of S p by κ i (p) (i = 1, . . . , n − 1) which we call principal curvatures. We call the eigenvector of S p the principal direction. By definition, κ i (p) is a principal curvature if and only if det
We also say that M is totally umbilical if all points of M are umbilical. Then we have the following proposition (cf. [9, page 147, Proposition 4] for n = 3). For general dimensions, the proof is given by the same method as that of [9] .
Under this condition, we have the following classification:
(
In the extrinsic differential geometry, totally umbilical hypersurfaces are considered to be the model hypersurfaces in Euclidean space. Since the set {X u 1 , . . . , X u n−1 } is linearly independent, we induce the Riemannian metric (first fundamental form) ds
We define the second fundamental invariant by h ij (u) = −n u i (u), X u j (u) for any u ∈ U . We have the following Weingarten formula:
. By the Weingarten formula, the Gauss-Kronecker curvature is given by
is a flat point if and only if p is an umbilical point with the vanishing principal curvature. We say that a point
The cylindrical pedal of M = X(U ) is defined by
We remark that CP M is called the dual of M = X(U ) (cf. [5, 7] ). For a plane curve γ(s), P e γ (s) = γ(s), n(s) n(s) is called the pedal curve of γ (cf. [6] ), so that we call CP M the cylindrical pedal. We have the following result (cf. [12] ):
Then the following are equivalent:
We can easily show that a point p = X(u) is a parabolic point of M = X(U ) (i.e., a singular point of the Gauss map) if and only if it is a singular point of the cylindrical pedal. Therefore we have the following proposition:
The Gauss map G(u) is the first component of the cylindrical pedal CP M (u). We have a natural question as follows: Question. What kind of information are provided by the second component of the cylindrical pedal?
We define a function h 
Pedal foliations
A pedal foliation is the foliation in U (or M = X(U )) defined by the level set of the pedal height function h π . We write
as the pedal foliation and denote by L 
Then we have the following proposition. 
Proof. By definition, there exist
Therefore, we have
Then we have the following corollary.
We can show that the pedal foliation is non-singular in generic.
.
Suppose that p = X(u) is a singular point of h π and non-geodesic point (i.e., non-flat umbilical point). Then, under a small Euclidean motion of
M = X(U ), h π is non-singular at p = X(u).
Proof. By the assumption, Ker
By the above corollary, the pedal foliation is non-singular in generic at least locally, so that we are interested in differential geometric properties of leaves.
We now consider the restriction G|L 
Graphlike Legendrian unfoldings
In order to apply the theories of Lagrangian singularities and graphlike Legendrian unfoldings, we explain the essential parts of the theories which we need in this paper. The detailed descriptions and the results are referred to be the articles [1, 11, 14, 22, 23] .
Firstly, we consider the cotangent bundle π :
) be an n-parameter unfolding of function germs. We say that F is a Morse family of functions if the map germ
is a non-singular, where (q,
. In this case, we have a smooth n-dimensional submanifold germ C(F ) = (∆F )
We can show that L(F )(C(F )) is a Lagrangian submanifold germ. We say that F is a generating family of L(F )(C(F )). We now define an equivalence relation among Lagrangian submanifold germs. Let F, G :
whereτ is a symplectic diffeomorphism germ ifτ * ω = ω. By using the Lagrangian equivalence, we can define the notion of Lagrangian stability for Lagrangian submanifold germs by the ordinary way (see, [1, Part III] ).
We can interpret the Lagrangian equivalence by using the notion of generating families. Let E x be the ring of function germs of x = (x 1 , . . . , x n ) variables at the origin. Let F, G :
where
Then we have the following theorem[1, page 304 and 325]:
) be Morse families of functions. Then we have the following: (1) L(F )(C(F )) and L(G)(C(G)) are Lagrangian equivalent if and only if F and G
are P -R + - equivalent. (2) L(F )(C(F ))
is a Lagrange stable if and only if F is an
In [1] , the assertion (1) of the above theorem is a slightly different. It is used the notion of stable P -R + -equivalences among Morse families. However, the above assertion is enough for our situation.
Secondly, we now give a brief review on the theory of graphlike Legendrian unfoldings. The notion of graphlike Legendrian unfoldings is defined in the projective cotangent bundle [11, 14] . For a Morse family of functions
Then (L F (C(F )), 0) is a Legendrian submanifold germ which is called a graphlike Legendrian unfolding. We call the set germ
A graphlike Legendrian unfolding (L F (C(F )), 0) is said to be non-degenerate if F |C(F ) is non-singular. We say that F is a generating family of the graphlike Legendrian unfolding L F (C(F ) ). We can use all equivalence relations introduced in the previous paper [13, 14, 15] . Especially, the S.P + -Legendrian equivalence among graphlike Legendrian unfoldings was given in the above contects. Since we do not need the definition here, we omit to give the definition (see [13] ). We also consider the stability of graphlike Legendrian unfolding with respect to S.P + -Legendrian equivalence which is analogous to the stability of Lagrangian submanifold germs with respect to Lagrangian equivalence (cf. [1, Part III]). We denote that F (q, x, t) = F (q, x)−t and f (q, t) = f (q) − t for f (q) = F (q, 0). We can represent the extended tangent space of
Then we have the following theorem [11, 14, 23] .
We gave a proof of the following proposition in [14] . However, there are some gaps on the arguments of the proof. Here we give a correct proof of Proposition 4.1 in [14] . [8, 18] ). It is a well-known result that f is a K-finitely determined if and only if f is an R + -finitely determined, see [8] . Under the condition that f is an R 
Hence it is enough to show the equality (1) by Theorem 4.1. Let g(q) ∈ E q . Since g(q) ∈ E (q,t) , there exist λ i (q, t), µ(q, t) ∈ E (q,t) (i = 1, . . . , k) and c, c j ∈ R (j = 1, . . . , n) such that
Differentiating the equality (2) with respect to t, we have
We put t = 0 in (3), 0 = k i=1 (∂λ i /∂t)(q, 0)(∂f /∂q i )(q) + (∂µ/∂t)(q, 0)f (q) − µ(q, 0). Also we put t = 0 in (2), then
for some α i ∈ E q , i = 1 . . . , k. Again differentiating (3) with respect to t and put t = 0, then
Hence (4) is equal to
for some β i ∈ E q , i = 1, . . . , k. Inductively, we take -times differentiate (3) with respect to t and put t = 0, then we have
, k. It follows that g(q) is contained in the right hand of (1). This completes the proof. 2
We consider a relationship of the equivalence relations between Lagrangian immersion germs and corresponding graphlike Legendrian unfoldings. Let
Then we have the following result:
Theorem 4.4 ([14]) Suppose that L(F )(C(F )) and L(G)(C(G)) are Lagrange stable. Then Lagrangian submanifold germs L(F )(C(F )) and L(G)(C(G)) are Lagrangian equivalent if and only if graphlike wave fronts
W (L F ) and W (L G ) are S.P + -diffeomorphic.
Height functions
We respectively define two functions
We call H a family of height functions and H a family of extended height functions of M = X(U ). We denote that h v (u) = H(u, v) and h (v,t) (u) = H(u, (v, t) ). By the straightforward calculations, we can show the following proposition:
. . , n−1) if and only if (v, t) = ±(n(u), n(u), X(u) ).
For v = G(u), we have 
Therefore, for any v = G(u), det (H(h v )(u)) = det((∂

→ R of M = X(U ) is a Morse family of functions.
(2) The family of extended height functions H :
is a graphlike Morse family of hypersurfaces.
By the arguments in §4, we have a graphlike Legendrian unfolding whose generating family is the height function of M = X(U ). By Proposition 5.1, we have
It follows that we have a graphlike Legendrian unfolding L
is the corresponding Lagrangian immersion. By definition, we have the following corollary of the above proposition: 
Corollary 5.4 Under the above notations, L H (C(H)) is a graphlike Legendrian unfolding such that the height function
H : U × S n−1 → R of M = X(U ) is
Families of wave fronts induced by Gauss maps
In this section, we consider general geometric properties of singularities of the pedal foliation of a hypersurface in Euclidean space. Let 
is the small front of the non-degenerate graphlike Legendrian unfolding L H (C(H)). Thus, the family of the image of pedal Gauss map germs {G|L
is a family of wave fronts corresponding to the graphlike Legendrian unfolding L H (C(H)). We can apply the theory of graphlike Legendrian unfoldings.
On the other hand, in order to understand the geometric meaning of singularities of Gauss maps (or equivalently, cylindrical pedal), we review the theory of contact of submanifolds with foliations [10, 13, 14] . Let X i (i = 1, 2) be submanifolds of R n with dim 
In this case we write
We apply the method of Goryunov [10, Appendix] to the case for R + -equivalence among function germs, so that we have the following:
We assume thatx i are singularities of function germs
We consider a function H :
consists of the family of hyperplane parallel to T M p 0 :
We call PF(T M p 0 ) the foliation of parallel tangent hyperplanes of M at p 0 We now give a characterization of singularities of Gauss maps and cylindrical pedals. Let 
Proof. By Proposition 6.1, the conditions (4) is equivalent to the condition that the height function germs h 
Therefore, the singular sets of the Gauss maps (i.e., the parabolic sets of M i ) correspond to each other by the condition (1). In general, the A-equivalence of the Gauss maps does not imply the Lagrangian equivalence of the corresponding Lagrangian submanifolds. Moreover, the above theorem asserts that the pictures of the family of the images of the pedal Gauss maps (the wave front propagations) are also corresponding. In the next section we consider the detailed properties of the pedal foliations in the case for surfaces in R 
Surfaces in Euclidean 3-space
In this section we consider surfaces in the Euclidean 3-space. Let X : U → R ( 
around the origin, where r > 0,
. This means that M = X(U ) is a subset of a sphere around the origin with the radius |r|.
We consider the case X T ≡ 0. Then we have two sets (0). In this case X(Int U 2 ) is a part of a sphere and X(U 1 ) is a developable surface. Therefore, we may suppose that U 2 = ∅, so that M is a developable surface.
It is classically known that developable surfaces is determined completely as follows [21] : A developable surface is classified into one of the following cases:
(1) a part of a cylindrical surface, (2) a part of a cone, (3) a part of a tangent surface, (4) the glue of the above three surfaces. Suppose that M is a part of a cylindrical surface. It is parametrized at least locally by X(s, u) = γ(s) + ue, where γ(s) is a unit speed space curve and e is a unit constant vector. Moreover, we can choose that γ(s) is a planar curve such that t(s) ⊥ e, where t(s) = γ (s) is a unit tangent vector. In this case the unit normal of X(s, u) is given by n(s, u) = t(s) × e. Therefore, we have h Suppose that M is a part of a cone. It is parametrized at least locally by X(s, u) = a+uδ(s), where δ(s) is a unit speed spherical curve and a is a constant vector. Then t(s) = δ (s) is a unit vector such that δ(s) and t(s) are orthogonal. In this case the unit normal of X(s, u) is given by n(s, u) = δ(s) × t(s) = d(s). The moving frame {δ, t, d} is called a Sabban frame along the spherical curve δ [16] . We have the Frenet-Serret type formulae: 
t(s) = γ (s) = λ (s)t(s) + λ(s)t (s) + rb (s) = λ (s)t(s) + κ(s)(λ(s) − r)n(s).
Therefore, we have λ (s) = 1 and λ(s) = r. This is a contradiction. If κ(s) = 0 on an interval J, then γ(s) is a line such that the direction is given by t(s). Then X(s, u) is a line on J × R, which is singular. This completes the proof.
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Since the leaf of the pedal foliation on a surface is a regular curve in generic, we consider generic properties of regular curves on a surface. Let γ : I → U ⊂ R 
